Abstract: Thermodynamics of (001) epitaxial ferroelectric films completely relaxed due to the formation of elastic domains with a three-domain architecture is presented. The polydomain structure and electromechanical response of such films are analyzed for two cases corresponding to immobile and mobile elastic domain walls. It is shown that immobile elastic domains provide additional constraint which increases the mechanical and electrical clamping, thereby significantly reducing the piezoelectric and dielectric responses. On the other hand, a polydomain ferroelectric film adapts to the variations in the applied electric field by reversible domain wall displacements in the case of mobile domain walls. The comparison of the theory with experiments shows that the elastic domain walls are mobile in the fully relaxed films of ~ 1 m thickness. In addition, if the substrate constraint is reduced via decreasing lateral size of a polydomain ferroelectric film, its piezoresponse will increase dramatically, as is experimentally verified on small islands of polydomain ferroelectric films. The general conclusions can be readily applied to other constrained polydomain films.
Introduction
The formation of elastic domains is a universal mechanism of relaxing the internal stresses in constrained phase transformation in solids [1] [2] [3] . The arrangements of elastic domains or the polydomain structure determine most of the physical properties of the product phase. Particularly, the switching of elastic domains increases the compliance of polydomain phases to external mechanical, electrical or magnetic fields. The concept of elastic domains has been successfully applied to the analysis of polydomain microstructures in epitaxial films [4] , and numerous polydomain structures in epitaxial films of superconductors [5] , semiconductors [6] , ferromagnetic [7] and ferroelectrics [8] [9] [10] [11] [12] [13] [14] [15] have been studied experimentally and theoretically.
In recent years, ferroelectric thin films have become an object of intensive research because of their  potential applications not only as non-volatile random access memories or dynamic random access memories, but also as active components of sensors, actuators and micro-electromechanical systems (MEMS). These applications require either a high electric field response to an external mechanical field (direct piezoeffect) for sensors, or a high strain response to an applied electric field (converse piezoeffect) for actuators and MEMS. However, the fundamental problem that ferroelectric films have inferior electrical and electromechanical properties compared to their bulk counterparts limits their use. One particular example is the substantial reduction of the piezoelectric responses due to the substrate clamping of single domain epitaxial ferroelectric films [16] . To overcome the limit set by the substrate clamping on the intrinsic electromechanical properties, it is necessary to utilize the extrinsic effects from the movement of boundaries between elastic (non-180°) domains.
Since the formation of elastic domains is a mechanism of relaxing a film/substrate heterostructure to approach equilibrium, it is possible to shift the equilibrium by applying an electric field and obtain reversible field-induced deformation due to the change of domain structure [17] . The elastic domain structure in epitaxial films has been studied extensively in theory [11, [18] [19] [20] [21] [22] and in experiment [12, 13, 23] during the last two decades. However, the theoretical work, including the comprehensive analysis based on homogeneous theory [10, 18] , construction of domain stability map based on theories of elastic domains and coherent phases [19] , phase field modeling [11] , and exact analytical solutions [20, 21] , mainly concentrated on elastic domain assemblies consisting of two domain variants (polytwins), except a few by Slutsker et al. [22] .
For a (001)-oriented film, which is of most technological significance due to its compatibility with industrial processes, e.g., CMOS process on a (100) Si substrate, the two-domain structures are able to relax misfit stress only partially, reducing biaxial stress to a uniaxial one. The complete relaxation, in general, requires the formation of polydomain structures including more than two types of possible domains. For example, in the case of a cubic-tetragonal transformation, the complete relaxation is obtained if all the three possible domains of the tetragonal phase are involved in the formation of a polydomain structure.
The three-domain structures are thermodynamically more preferable than two-domain ones provided films are not very thin [4, 24, 25] . The three-domain structures have been observed in ferroelectric tetragonal PbZrTiO 3 [26] and BaTiO 3 [14] films with thickness of more than 300 nm, and it has been shown that the misfit stress in these films is close to zero. Since the equilibrium three-domain films are stress-free in the absence of an external electric field and the field-induced deviation of structure and polarization from the equilibrium are small, the linear theory is adequate for analyzing their electromechanical properties. It allows us to obtain theoretical conclusions in a simple form, which can be easily applied to the interpretation of the experimental results.
In this paper, a thermodynamic analysis of constrained ferroelectric films is presented to explain the piezoeffect in (001) films with three-domain architecture of elastic domains. Results of theoretical calculations are compared with those from experimental studies on epitaxial (001) PbZr 0.2 Ti 0.8 O 3 (PZT 20/80) films to verify the fundamental concepts. It is clearly demonstrated that elastic domains can be sufficiently mobile in constrained ferroelectric films, and the relatively small extrinsic piezoeffect in the epitaxial films can be explained by elastic interactions between the clamped film and substrate. The extrinsic piezoeffect can be increased significantly by reducing the elastic clamping, as is supported by the experimental results on polydomain ferroelectric thin film "islands" with a lateral size comparable to their thickness [13, 23] .
Thermodynamics of three-domain film in the absence of electric field
We consider the transformation from a cubic paraelectric phase to a tetragonal ferroelectric phase, which is quite generic and describes the transformation in the PZT 20/80 films. The transformation is accompanied by a self-strain that can be characterized by the following tensors for a 1 -, a 2 -and c-domains, respectively ( Fig. 1(a) ): Fig. 1(b) ); then the fractions of a l -and a 2 -domains are equal, and the average self-strain is
where α is the fraction of a-domains. The components of ( )
The free energy of the polydomain film is
where F 0 (P) is the macroscopic free energy of unstressed ferroelectrics, which is usually described by Landau-Devonshire expansion; S(α) is the average elastic compliance which can be approximately determined as the sum of compliances of c-domains and a l /a 2 domains:
where S ij are the elastic compliances of the tetragonal phase at constant polarization. Since the elastic anisotropy at constant polarization is much less than elastic anisotropy at constant field, the rule of mixtures used in Eq. (3) is approximately correct for small stress. The elastic energy equals to zero for
is the misfit between the substrate and film in the cubic paraelectric state extrapolated to the temperature of the ferroelectric film. a s is the effective lattice parameter that takes into account the relaxation by misfit dislocations [17, 27] . The relation between the misfit 0 M  of the paraelectric cubic phase and the misfit of c-domains of the ferroelectric tetragonal phase is
It is worthwhile to note that if the film is completely relaxed by misfit dislocations in its paraelectric state and the difference between thermal expansion coefficients of the film and the substrate is small as well, the film-substrate couple is stress-free just before the structural phase transformation. In this case, the a-domain fraction enabling complete relaxation of the misfit stress is reduced to
This domain fraction does not depend on domain polarization and consequently does not depend on the electric field or temperature. Therefore, this structure remains to be stress-free after it is cooled down to room temperature. The variation of δ and the c-domain fraction ( In a more general case, the degree of dislocation relaxation depends on the thickness of the film and 0 M 0   . Then, the stress-free domain structure corresponds to
The polarization P 0 is the equilibrium polarization of the ferroelectric without an external field which corresponds to the minimum free energy F 0 (P) in Eq.
(2) (hereafter, F 0 (P) is considered as the zero reference state). As a conclusion, the internal stresses due to lattice misfit can be eliminated in relatively thick films, if all of the three variants of the tetragonal phase are arranged such that the film has the same in-plane size as the substrate. This is based on homogeneous approximation of the film free energy which does not take into account domain architecture [10, 29, 30] .
The architecture of the three-domain structures is dictated by the energy of the interdomain interfaces, the junctions where the three domains come together, and the microstresses at the film/substrate interface. Transmission electron microscopy (TEM) [25] and piezoelectric force microscopy (PFM) [13, 23] studies of tetragonal PZT 20/80 films thicker than 300 nm show that they have a cellular architecture that completely relaxes the internal stresses. An optical microscopy study of epitaxial tetragonal BaTiO 3 thick films also illustrates similar morphology of a three-domain structure [14] . These polydomain films are divided into cells of c-domains along the (001) direction bound by a 1 -and a 2 -domains of equal domain fraction along the (100) and (010) directions, respectively ( Fig. 1(a) ). As shown by phase-field modeling, the cellular polydomain structure is favored for small a-domain fractions, whereas for relatively larger a-domain fractions the second-order arrangement is more stable (Figs. 1(b) and 1(c) ) [25] . The modeling also shows that the domain fraction is determined mainly by the trend to minimize misfit stresses, and if the period of domain structure does not exceed the film thickness, the domain fraction can be estimated by using the homogeneous approximation with accuracy better than 10%.
Effect of applied electric field
Since the self-strains of ferroelectric phases are functions of the polarization square, the equilibrium domain fraction in Eqs. (4) and (5) does not depend on the presence of 180° domains. If there are no top and bottom electrodes to compensate free charges, the polydomain structure contains, in addition to the structural 90° domains, 180° domains to minimize depolarizing fields. If an electric field E //(001) is applied to the polydomain film, the 180° domains disappear at relatively small field. Under an electric field, two cases are possible for the 90° domains: ① 90° domain walls are immobile, and the polarization and deformation of the film are results of the increase in the saturation polarization inside domains; ② 90° domain walls are mobile and contribute to the electric and electromechanical responses (Fig. 3) . We consider these two situations and analyze the effects of the polydomain structure on the saturation polarization, dielectric susceptibility, and piezoelectric modulus.
The general expression for the free energy of the constrained film in either case is susceptibility of a free-standing polydomain structure; the second term is the electrostatic energy; the last term is the elastic energy. If the field-induced change of polarization 0 p P P   , and the change of the domain fraction Δα, are small as compared with the equilibrium polarization P 0 and domain fraction α 0 , the free energy can be presented as follows: 
1 Immobile domain walls
If the 90° domain walls are immobile, internal stresses may arise within a polydomain film with the application of an electric field E //(001) , although in the absence of an electric field the film is stress-free. For Δα=0, Eq. (6) is reduced to f ( , 0)
where
of Eq. (7) yields the field-induced change in the polarization:
where, f
    is the dielectric susceptibility of the constrained film given by
For a free standing polydomain film, the field-induced strains correspond to an additional polarization p and are equal to It should be noted that, by using the approximated expression in Eq. (10), the normalized piezomodulus at a given ξ is only dependent on the ratios of piezomodulus δ ( 
The normalized piezomodulus of a single c-domain film 
where 13 11 12 2 /( )
S are the components of elastic compliance at constant field. The drop of the piezomoduli of single-domain ferroelectric films as compared with their bulk counterparts is due to substrate clamping, which has been intensively investigated in literature [15, [31] [32] . For a polydomain ferroelectric film, in addition to the substrate clamping effect, immobile domain walls provide an additional constraint which further decreases the overall piezoresponse of the film.
2 Mobile domain walls
If the 90° domain walls are mobile, the ferroelectric film adapts to the variations in the applied electric field by reversible domain wall displacements. These movements induced by the electric field may contribute significantly to the electrical and electromechanical properties of ferroelectric films [18] . In this case, the application of an electric field E //(001) to the polydomain film results in a domain wall motion to decrease the a-domain fraction, as well as an increase of polarization inside the domains. The equilibrium polarization and domain fraction follow from the minimization of the free energy given by Eq. (6), i.e., they are solutions of the equations F/p=0 and F/Δα=0. Then, the zero field susceptibility of the constrained polydomain film is
where the first (intrinsic) part corresponds to f ( 0)
    for immobile domain walls and the second (extrinsic) part is the result of domain wall motion. In a similar way, the piezomodulus of a free standing film is
for a constrained film. The susceptibility and piezomodulus of a polydomain film with immobile domain walls are calculated above. The contribution of domain wall movement is considered below.
The changes in the average strain components due to a change in the domain fraction Δα are
bi-axial in-plane stresses as given by
Therefore, the free energy corresponding to the change in domain fraction is
where 0 P P     is the change in the saturation polarization of the film due to domain wall movement. The above relation can be obtained from Eq. (6) by noting that p=0, and F f = 0 for α = α 0 and E = 0. The minimization of Eq. (12) with respect to Δα yields Δα as a function of the applied field, and the change in the saturation polarization due to the field-induced domain wall motion:
is the extrinsic dielectric susceptibility of the film due to domain wall movement. The extrinsic piezomodulus in the absence of substrate clamping are given by
Therefore, the extrinsic contribution to the overall
It is clear that the extrinsic piezomodulus strongly depends on the elastic compliance of the film. The general expressions for the total susceptibility and piezomodulus of the stress-free polydomain film with mobile domain walls are given below in Eqs. (15) and (17), while Eqs. (16) and (18) are the expressions for the specific case of
Comparison with experimental results
The experimental results on 1 m thick PZT 20/80 films are presented in Table 1 It is worthy to note that polydomain islands reveal dramatic increases of polarization and piezoeffect under large electric fields [13, 23] . These data as well as direct PFM observations show considerable change of 90° domain structures, while at weak fields, , according to Eq. (13), does not exceed 5%.
Discussion
The theoretical analysis presented above has not taken into account the contributions of the domain walls and microstresses to the free energy. They are relatively small for films thicker than 300 nm [25] . The possibility of the rotation of the polarization in the in-plane domains under an electric field normal to the film has been neglected as well. Therefore, the theoretical analysis cannot pretend to give a quantitative description of experiment results. However, the thermodynamic theory presented here qualitatively explains piezoresponse of continuous constrained films.
For the immobile domain structure, the realistic values of f 33 d are bounded by the curves with  = 0.8 and  = 2 in Fig. 4 , and therefore, they do not exceed the theoretical values presented in Table 1 by any significant amount. Thus regardless of the elastic moduli of the polydomain film, the intrinsic contribution to its piezoeffect, i.e., the piezoeffect in the absence of domain wall movements, should be considerably less than the experimentally observed values. Therefore, it is impossible to explain the experiment results shown in Table 1 on continuous constrained films, unless the 90° domain walls in these films are mobile such that the domain structure changes with the electric field to attain equilibrium.
The theoretical estimations of the extrinsic effect are likely larger than the experimentally observed ones. It can be the result of the homogeneous approximation used for calculations as well as the inaccuracy in the elastic moduli. The extrinsic piezoeffect is proportional to the elastic compliance of the film (see Eq. (14)) and increases with the a-domain fraction, while the intrinsic contribution to piezoeffect decreases with the a-domain fraction as shown in Fig. 4 . Therefore, despite the high mobility of the domain walls, the total piezoeffect of a constrained polydomain film does not exceed much that of a single domain film. On the other hand, there was no discernible change of domain structure observed in a polydomain film under a modest electric field. These two facts help to explain why the extrinsic effect is usually underestimated.
As shown in this paper, the clamping effect on f 33 d in polydomain films is more pronounced than in single-domain films. Firstly, because only c-domains contribute to the piezoelectric deformation normal to the film/substrate interface in the presence of an electric field parallel to that direction (i.e., the d 33 piezoelectric mode), the intrinsic piezoeffect of a polydomain film is smaller than that of a single domain film. Secondly, by decreasing polarization in c-domains of a polydomain film with fixed domain fraction, the clamping further reduces its intrinsic piezoeffect in comparison with a single domain film under the same electric field.
To generally demonstrate the clamping effect on Fig. 4 . This is appropriate since the subject of investigation here is the electromechanical response of thick polydomain films, which have domain fractions not too far away from * 0  .
The second part of the piezoresponse is the extrinsic effect due to the movement of domain walls. It is determined by the elastic interaction between the film and the substrate. The effect of domain wall movement on piezoelectric deformation can be made much more visible if the elastic clamping decreases. One way to decrease clamping is to reduce lateral dimensions of the film to make them comparable to the film thickness, i.e., to microfabricate a ferroelectric thin film island. According to St. Venant principle, the internal stresses due to constraint are located in a region near the island/substrate interface with a depth approximately equal to the lateral dimension of the island. The decrease of the average biaxial stress in such an island can be attributed to the effective increase of its compliance, ( ) S  (see Eq. (11)). This effective compliance increases with decreasing ratio of the island's lateral size l to the film thickness h and approaches infinity when l/h goes to zero. Therefore, d 33 of the island approaches d 33 of a free-standing film or a bulk crystal. Reducing clamping by decreasing the lateral size of a ferroelectric island leads to the increase of piezoeffect for both single-domain and polydomain films, but the magnitudes of the increase are significantly different. For a single-domain film, d 33 approaches the value of a bulk crystal as it is observed experimentally [20, 31, 34] . For a polydomain film, the extrinsic effect due to domain wall movement is itself a result of clamping. With decreasing clamping effect, this piezoresponse should increase infinitely. The observed value of d 33 for the islands [13, 23, 35] is determined by the remaining clamping effect as well as by finite mobility of domain walls. In this paper we have not considered the effect of elastic domains on nucleation and growth of 180° domains, which can be important in polydomain ferroelectrics (see, e.g., [36] ). Our discussion is focused on the more general phenomena significantly dependent on movement of elastic domains. Therefore, the conclusions obtained here are valid for other polydomain materials. For example, there are experimental evidences of completely relaxed polydomain structures in constrained martensitic films [37, 38] . In these films, the change of elastic domain structures compensates the thermal expansion difference between a film and a substrate; thus, the couple is not bent when the temperature is changed.
Conclusions
Over the past years, it has been widely speculated that the inferior electromechanical and electrical responses of epitaxial polydomain ferroelectric films compared to their bulk counterparts are due to the clamping effect of the substrate as well as the immobility of the non-180° domain walls. In this article, the theoretical thermodynamic analysis in conjunction with the experiment data in literature clearly demonstrate that elastic domains can be sufficiently mobile in constrained polydomain ferroelectric films, and the relatively small extrinsic piezoeffect in the continuous films can be explained by elastic interactions between the clamped film and substrate. According to thermodynamic predictions, clamping effect can be reduced via micropatterning of the ferroelectric film such that the lateral size of the resulting islands is less than or at least comparable to the film thickness. The reduction of clamping of polydomain films via micropatterning leads to shift of elastic film/substrate equilibrium and dramatic increase of the converse piezoelectric response. Lastly, although this paper is devoted to discussion of ferroelectric films, the general conclusions can be readily applied to constrained polydomain films of shape-memory alloys and ferromagnets.
